A review of magnetotransport in antidot lattices mainly from a theoretical point of view is given. The topics include various mechanisms proposed for the explanation of the origin of the commensurability peaks such as pinned orbits, runaway orbits, and diffusive orbits combined with a magnetic focusing effect. Roles of quantum effects and antidot disorder are also discussed.
proposed. 9) Experiments on rectangular and/or disordered antidots [10] [11] [12] [13] [14] and numerical simulations [12] [13] [14] [15] [16] provided pieces of evidence showing the importance of such orbits.
A better way of understanding the origin of the commensurability peaks is through diffusive orbits and magnetic focusing as discussed below.
Magnetic Focusing and Diffusive Orbits
Consider first the limit of the small aspect ratio d/a 1. In this case, the electron loses its previous memory of the direction of the velocity when it collides with an antidot, and therefore successive scattering with antidots can be generally regarded as independent of each other. 17) This means that antidots are nothing but independent scatterers.
In magnetic fields, transport is possible through the migration of the center of the cyclotron motion and therefore the conductivity σ xx vanishes in the absence of scattering. When the cyclotron diameter is smaller than the period, i.e., 2R c < a where R c is the cyclotron radius, the scattering of an electron from an antidot cannot give rise to diffusion or conduction because the electron is trapped by the antidot.
Scattering from antidots starts to contribute to the conductivity when 2R c > a − d. The migration of the center of the cyclotron orbit occurs most frequently due to successive scattering from nearest-neighbor antidots at the magnetic field corresponding to 2R c = a. At this field the measure of such orbits becomes maximum in the phase space due to a magnetic focusing effect. In fact, as is shown in Fig. 1 , an electron emitted from an antidot is focused onto a neighboring antidot. This leads to an increase in the phase-space volume of the orbits contributing to the increase of the diffusion coefficient at 2R c ≈ a.
As shown in Fig. 2 , the orbit corresponding to 2R c = a can and β ∼ 4 for d/a ∼ 0.3 in the case d ∼ 1000 Å. A similar potential is chosen for a triangular lattice. 5, 6) In experiments performed in a square antidot lattice, 7) prominent peaks were observed in the diagonal resistivity ρ xx in weak magnetic fields. They are called commensurability peaks. Cyclotron orbits can be classified into those affected and not affected by antidots. At certain magnetic fields electrons can move on the commensurate classical orbit encircling a specific number of antidots (pinned orbits). The magnetoresistance was expected to increase at this magnetic field.
7)
A classical simulation showed that the change in the volume of the pinned orbits in the phase space is not enough to cause the commensurability oscillation.
8) The importance of the "runaway" orbit, which skips regularly from an antidot to its neighboring antidot in the same direction, was also
Introduction
The two-dimensional (2D) system modulated by a periodic strong repulsive potential is called an antidot lattice. The transport in this system is ballistic, i.e., electrons are scattered from the antidot potential itself rather than from impurities. Various interesting phenomena have been observed in antidot lattices in uniform perpendicular magnetic fields. The purpose of this paper is to give a brief review on transport properties in antidot lattices in the presence of a magnetic field mainly from a theoretical point of view.
In §2 antidot lattices are introduced along with commensurability peaks in the magnetoresistivity. In §3 the origin of the commensurability peaks is discussed with emphasis on the roles of classical chaotic motion. In §4 quantum effects on the commensurability peaks are discussed. In §5 the roles of inherent disorder in the antidot potential arising during fabrication processes are emphasized. Triangular antidot lattices are discussed in §6. A brief summary is given in §7.
Antidot Lattice and Commensurability Peak
The antidot lattice is characterized by the period a and the diameter d of each antidot. We have typically d 1000 Å, which is larger than the Fermi wavelength of the 2D electron system, λ F ∼ 500 Å for a typical electron concentration less than 5×10 11 cm −2 in a GaAs/AlGaAs single heterostructure. Correspondingly, the period of the antidot is usually a ≥ 2000 Å. This means that the antidot lattice is in the boundary region between quantum and semiclassical regimes.
The model antidot potential for a square antidot, used frequently and used also in this paper, is given by U (r) = U 0 F(r − R) within a Wigner-Seitz cell, where U 0 is a potential maximum located at point r = R and The parameter β characterizes its steepness. The antidot diameter can be defined as d/2 = |r| with U (r) = E F , where E F is the Fermi energy and r is chosen on a line connecting two nearest-neighbor points. A self-consistent calculation in quantum wires fabricated at GaAs/AlGaAs heterostructures suggests that the potential is nearly parabolic for a wire with small width and consists of a flat central region and a parabolic increase near the edge for a wider wire. [1] [2] [3] [4] The width of the region where the potential increases from the bottom to the Fermi energy is of the same order as the Fermi wavelength for typical electron concentrations. This leads to roughly
be denoted (n x , n y ) = (±1, 0) or (0, ±1), where the line segment connecting the point (n x , n y ) and the origin constitutes the diameter of the circle. With a further decrease in the magnetic field, successive scattering with next nearest-neighbor antidots becomes possible and the conductivity has a peak around 2R c = √ 2a corresponding to (±1, ±1). This contribution becomes less prominent, however, because the orbit passes through the position of a nearest-neighbor antidot. The next peak arises from (±2, 0) or (0, ±2) and (±2, ±1) or (±1, ±2), which lie close to each other. The latter contribution should be larger because its measure is twice as large as that of the former and therefore the peak occurs around 2R c ∼ √ 5a. This peak should be weaker, however, as these orbits also pass through the position of other antidots. The next prominent peak is given by (±2, ±2), (±3, 0), (0, ±3), (±3, ±1), and (±1, ±3). Actually, the peak is at 2R c ≈ 3a, because the orbits (±3, 0) and (0, ±3) are not disturbed by other antidots.
In this way we can explain most of the commensurability peaks observed experimentally. The reason why the peak positions can also be explained by the pinned orbits can be seen in Fig. 2 , which shows that the orbits specified by (n x , n y ) correspond approximately to certain pinned orbits by a slight shift in the position of the guiding center.
When the diameter d is no longer negligible in comparison with the period a, the fundamental commensurability peak in the diagonal conductivity σ xx deviates from the condition Jpn. J. Appl. Phys. Vol. 38 (1999) 
2R c = a. A cyclotron orbit starting at an antidot and colliding with a neighboring antidot has a center in the region schematically illustrated in Fig. 3 , to which the phase-space volume of such orbits is proportional. Figure 4 shows the area as a function of the magnetic field. The area has a maximum at 2R c = a + f d with f ∼ 0.3 being a constant weakly dependent on d/a. This means that the commensurability peak is shifted to the weak-field side roughly in proportion to d/a. For a nonnegligible d/a, the correlation among successive scattering from antidots becomes important. In fact, it manifests itself most directly in the Hall conductivity. As illustrated in Fig. 5 , it tends to enhance the left circular motion of electrons in the weak-field region 2R c a and reduce it in the high-field region 2R c a. This leads to an enhancement of |σ xy | for 2R c a and a reduction for 2R c a, giving rise to a steplike structure around 2R c ≈ a.
With the increase of d/a, the measure of the diffusive orbits increases as shown in Fig. 4 , and the diagonal conductivity becomes larger and comparable to σ xy (numerical calculations show that σ xx ∼ |σ xy | around d/a ∼ 0.5 17) ). Therefore, does not show a clear commensurability peak.
Quantum Effects
A large aspect ratio usually corresponds to a small antidot period a and to a narrow spacing between the nearestneighbor antidot comparable to the Fermi wavelength λ F . Therefore quantum effects can be important for antidot lattices with large d/a. In fact, a quantum mechanical calculation in a self-consistent Born approximation, shown in Fig. 7 , gave the result for d/a = 0.5 that the diagonal conductivity σ xx exhibits essentially no structure and the off-diagonal Hall conductivity has a small dip at 2R c ∼ a, leading to the fundamental commensurability peak at 2R c ∼ a.
19) The figure also shows experimental results. 20) In high magnetic fields, the structure of the energy bands is relatively simple and can be understood as combinations of Landau bands which have nonzero dispersion in the presence of antidot lattices and quantized edge states localized along an antidot boundary. With the decrease of the magnetic field, these magnetic minibands start getting mixed with each other. This mixing gives rise to many bands having a large quantized value of the Hall conductivity, both negative and positive. Extremely large values are usually cancelled out if they are summed over adjacent minibands. This cancellation is not complete and the Hall conductivity tends to have a dip around this magnetic field. Actually, the Hall conductivity is sensitive to parameters such as the Fermi energy and sometimes exhibits even a signature change.
A fine Aharonov-Bohm (AB) type oscillation was observed the commensurability peaks in the resistivity become different from those in the diagonal conductivity. Let σ xx and σ xy be a small change around the field corresponding to the commensurability peak andσ xx andσ xy be the average ( σ xx σ xx , | σ xy | |σ xy |). Then, we have
This means that σ xy determines the structure of ρ xx when σ xx ∼ |σ xy |, i.e., the reduction of |σ xy | in the high field side gives the peak in ρ xx for large d/a. Figure 6 shows an example of the results of recent numerical simulations. 17, 18) In the simulation, the classical conductivity is calculated by averaging over various orbits obtained by randomly chosen initial conditions (velocity and position) at a given energy corresponding to the Fermi level. The peak in σ xx is broadened considerably with the increase of d/a and at the same time shifted to the lower magnetic field side. A step structure corresponding to the first derivative of σ xx with the magnetic field appears in σ xy . It is interesting, however, that the commensurability peak in the resistivity ρ xx remains around 2R c = a independent of d/a. For d/a ≥ 0.5, the structures in σ xx and σ xy disappear almost completely and ρ xx 310
Jpn superimposed on commensurability peaks of the magnetoresistance. [20] [21] [22] The period is roughly given by the magnetic flux quantum 0 = ch/e. The calculated diagonal and Hall conductivity at T = 4 K given in the figure oscillate with an exact period of 0 over the entire range of the magnetic field considered. This oscillation originates from Hofstadter's butterfly band structure 23) as has been suggested theoretically. [24] [25] [26] [27] At a lower temperature (T = 1 K), another kind of oscillation appears in addition to this butterfly oscillation. This new oscillation corresponds to the AB type oscillation observed experimentally. In the figure, a steeper antidot potential (β = 2 instead of the more realistic β = 1) has been used and therefore the amplitude of Hofstadter's butterfly oscillation has been enhanced considerably.
The density of states in classically chaotic systems is given semiclassically in the so-called periodic orbit theory. [28] [29] [30] [31] [32] [33] According to the trace formula, the density of states is given by the sum of the classical contribution and the quantum correction. The latter is determined by semiclassically quantized energy levels associated with each periodic orbit and the former is proportional to the classical phase-space volume at an energy.
The density of states has been shown to be correlated well with the semiclassical energy levels. 19, 34) A semiclassical expression can be obtained for the conductivity tensor, 19, 35, 36) but has proved to be unsuccessful for the parameter range corresponding to the experiments mentioned above. 19) As discussed in the previous section, the diffusive orbits have a servation presents a clear indication that real antidot lattices have a sizable amount of disorder in the antidot potential itself in both square and triangular lattices. 5, 6) In fact, in the dominant contribution to the transport in the magnetic-field region near the commensurability peak. These orbits are perturbed by the presence of quantized periodic orbits, which is likely to lead to a quantum oscillation. The semiclassical expression for the conductivity does not take into account such effects. Quite recently, a clear correlation between the disappearance of a periodic orbit encircling an antidot and that of the AB type oscillation was demonstrated through a systematic change in the form of the antidot potential.
37)
The commensurability peaks are affected by quantum effects also in the case of a small aspect ratio. In Fig. 8 a comparison of quantum and classical results for antidots with 0.15 ≤ d/a ≤ 0.4 is shown. 38) They are qualitatively quite similar, but there are some differences. In fact, the commensurability peaks obtained quantum-mechanically seem to correspond to classical results with a larger aspect ratio. This can be understood in terms of an enhancement of the effective antidot diameter due to quantum diffraction effects.
Disorder in Antidot Potential
A kind of Altshuler-Aronov-Spivak 39) (AAS) oscillation characterized by the period given by half of the flux quantum has been observed in antidot lattices. 40, 41) The amplitude of the oscillation turned out to be much larger in triangular lattices. 41) A numerical study has demonstrated that the ob- absence of disorder in the antidot potential, the conductance exhibits only irregular oscillations depending sensitively on parameters such as the Fermi wavelength, the aspect ratio, the steepness of the potential, etc. A regular AAS oscillation appears only when the mean free path is much smaller than the antidot period, but this corresponds to the usual AAS oscillation observed in metallic diffusive systems. This disorder in the antidot potential has strong effects also on the commensurability peak and the superimposed AB type oscillation. Figures 9 and 10 show some examples of the resistance of a square antidot lattice with a large but finite size at two different values of the Fermi energy calculated in an S matrix formalism. [42] [43] [44] [45] In the case of the dominant impurity scattering, the commensurability peak changes sensitively when the Fermi energy is varied. This can be understood in terms of the anomalous behavior of the Hall conductivity due to the complicated band mixing as mentioned above. In the case of the dominant antidot disorder, on the other hand, the commensurability peak changes smoothly if the Fermi energy is varied. This suggests that such band structure is destroyed almost completely by the presence of the antidot disorder.
Many periodic orbits can contribute to the AB type oscillation in ideal antidot lattices. In the presence of disorder in the antidot potential, the shortest orbit encircling a single antidot is expected to be less influenced and its quantized energy levels can survive, while those of other orbits are strongly disturbed and smeared out. In other words, the antidot disorder tends to enhance the contribution of the energy levels of this orbit relative to those of other orbits. This explains the fact that the AB type oscillation is sensitive to the Fermi energy for impurity scattering but not for scattering from antidot disorder. Commensurability peaks have been observed also in hexagonal antidot lattices. Their origin is the same as in square lattices and is understood in terms of diffusive orbits and magnetic focusing. Figure 11 shows some examples of diffusive orbits contributing to migration of guiding centers of cyclotron orbits. They are specified by two integers (n a , n b ) such that n a a + n b b corresponds to a vector whose length is equal to the cyclotron diameter, i.e., 2R c /a = n 2 a + n 2 b + n a n b , where a and b are primitive lattice vectors. There are some important differences. Firstly, diffusive orbits are strongly disturbed by the presence of other antidots with increasing the antidot diameter. As schematically illustrated in Fig. 12 , the diffusive orbits start to be severely influenced for d/a > ( √ 3 − 1)/2 ≈ 0.37 in the hexagonal case in contrast to d/a > 2/3 ≈ 0.67 in the square case. Therefore, the commensurability peaks are much more sensitive to the aspect ratio.
Secondly, there is a wide gap in the magnetic field between the fundamental peak given by a/R c = 2[(n a , n b ) =
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(±1, 0) or (0, ±1)] and the next peak given by a
As is shown in Fig. 13 , the area of the region corresponding to a guiding center of a cyclotron orbit passing through a pair of nearest-neighbor antidots starts to overlap with that of another pair at a magnetic field given by the condition R c + d/2 = a/ √ 3. This leads to a reduction in the measure of the diffusive orbits around a/R c ∼ √ 3, giving rise to a small dip in the diffusion coefficient at this magnetic field. Figure 14 shows some examples of results of quantum and classical calculations. 18, 38) The commensurability peaks are rapidly shifted to the lower magnetic field side with increasing d/a, which is more appreciable in quantum results. In fact, the peak is shifted down to the vanishing magnetic field and therefore only a large negative magnetoresistance can be seen for d/a ≥ 0.5. These results can be well understood in terms of the differences between the square and hexagonal lattices mentioned above (a weak dip may be identified in the resistivity at the magnetic field given by a/R c = √ 3 in the resistivity for d/a = 0.2).
The strong disturbance of the diffusive orbits in hexagonal lattices with a large aspect ratio suggests that the number of events that an electron is scattered by the same antidot is larger than that in square lattices. This means that the electron trajectory is much more complicated in hexagonal lattices than in square lattices, explaining the reason that the conductivity itself is considerably smaller in hexagonal lattices and that the amplitude of the AAS oscillation is much larger. 5, 6) This also explains the similar behavior of the AAS oscillation of the localization length which was recently observed experimentally 46) and also demonstrated theoretically. 47, 48) 
Summary and Conclusion
A review of magnetotransport in antidot lattices mainly from a theoretical point of view has been given. The commensurability peaks appearing in the magnetoresistivity can be understood quite well in terms of an enhancement in the measure of diffusive orbits contributing to the diffusion coefficient due to a magnetic focusing effect. Differences exist- 
